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Abstract. In this paper we consider the supercritical generalized 
Korteweg-de Vries equation d t ip + d xxx 4> + d x (\4>\ p ~ 1 '4>) = 0, where 
| 5 < p G R. We prove a local well-posedness result in the homo- 

geneous Besov space B^~, ,2 (fii), where s p = | — is the scaling 
critical index. In particular local well-posedness in the smaller in- 
homogeneous Sobolev space H Sp (M.) can be proved similarly. As 
a byproduct a global well-posedness result for small initial data is 
also obtained. 



1. Introduction 

Consider the initial value problem associated to the generalized Kortewej; 
de Vries (gKdV) equation, that is 

W + d^ + dsdW-^) = 0, 

if;(0,x) = Vo(z). 1 ] 

Well-posedness results of the Cauchy problem (TI]) (with p > 2) has 
been studied by many authors in recent years. We want to give a brief 
overview of the best known well-posedness results. 

The fundamental work on this topic was done by Kenig, Ponce and 
Vega [6j [7] in 1993 and 1996. They proved local and small data global 
well-posedness for the sub-critical cases p G {2,3,4} in H S (R) for cer- 
tain s. For the KdV equation (p = 2) they proved well-posedness for 
s > —j. In the limiting case s = — | existence of solutions has been 
obtained by Christ, Colliander, and Tao [2]. Kenig, Ponce and Vega 
also proved well-posedness of the mKdV equation (p — 3) for s > j, 
and of the quartic gKdV equation (p = 4) for s > So far the scaling 
space H Sp with s p = | — -^-j was not reached for the sub-critical cases. 
That changed in 2007, when Tao [12] proved local well-posedness (and 
global well-posedness for small data) of the quartic KdV equation in 
the scaling critical inhomogeneous Sobolev space H~e. In 2012 Koch 
and Marzuola [8] simplified and strengthened Tao's well-posedness re- 

• -A 2 

suit in the Besov space -Boo 6 • For the supercritical cases p > 5, p G N, 
local well-posedness and global well-posedness for small data in the 

l 
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scaling critical spaces H Sp was obtained by Kenig, Ponce and Vega in 
1993. Recently Farah, Linares and Pastor extended the global well- 
posedness result for p > 5, p G N. In 2003 Molinet and Ribaud [11] 
extended the well-posedness result in the supercritical cases to the ho- 
mogeneous Besov space B%' (R) with inte ger p. To our knowledge 
well-posedness results for non-integer p > 5 were not obtained so far. 
We present a unified proof of well-posedness in the homogeneous Besov 
space ffe' 2 (R) for all 5 < p G R. 

In this paper we pick up techniques of Koch and Marzuola [8] to 
prove local (and small data global) well-posedness for the supercritical 
gKdV equation, i.e. ([1]) with 5 < p G R. The well-posedness is proved 
in the in the homogeneous Besov space B 8 £ (R) (see Definition EHUD, 
where 

1 2 
Sp ~ 2 ~~ p~^l 

is the scaling critical exponent. The homogeneous Besov space £?2J' 2 (1R) 
is slightly larger than the scaling invariant homogeneous Sobolev space 
H Sp (M>) consisting of all functions u such that 

1/2 

«(*)ii*> = i > : >? sp \Wx{t)\\iA <oo. 



= ( E x2Sp 

\Aei.oi z 



Here, u\ denotes the Littlewood-Paley decomposition of u at frequency 
A that is defined in Section [21 

In the following, let v be a solution to the Airy equation with same 
initial data 

d t v + d xxx v = 0, 

v(0,x) = ipo(x). 

For the quartic gKdV equation 

d t ip + d xxx ip + d x (ip A ) = 0, 



Koch and Marzuola [8 J proved the following local well-posedness result: 

Theorem 1.1 (Koch and Marzuola |8J). Let r > 0. Then there exist 
£q, 5 > such that, if < T < oo, 

ll^oll i, 2 < r 

and 

SU P ||^A||L6([0,r],K) < ^0 

Aei.oi 2 
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then there is an unique solution ip = v + w to with 

\\w\\ ■ -I < £ o- 

X aa,T 

Moreover, the function w (and hence ip) depends analytically on the 
initial data. 

From this local well-posedness result they even obtained global well- 
posedness for small data i(jo, since one easily proves by Strichartz' es- 
timates and the definition of the spaces that 

sup |K||l6([o,t],r) < H^oll .-i 2- 
Aei.oi 2 B °° 

In the sequel, we are going to prove the analogue statement in the 
supercritical case, i.e. for ([I]) with 5 < p G M: 

Theorem 1.2. Let 5<pGM ; s p =| — and r > 0. Then there 
exist Eo, 5o > such that, if < T < oo ; 

||^o|Ib«p.2 < 

J --'oo 

and 

sup \« +Sp \\v\\\ L 6 {[0jTW < 5 , (4) 
Aei.oi 2 

then there exists an unique solution ip = v + w to (pQ) with 

\\w\\£* < e . 

Moreover, the solution map is Lipschitz continuous. 

Using the same arguments as Koch and Marzuola, we obtain global 
well-posedness for small initial data i/jq as well: 

Corollary 1.3. Let 5<p£l, s p =| - and 5 (1) be the 5 of 
Theorem \l.£\ which depends on r , evaluated at r = 1. Let k and K\ 
be the constants from Lemma l3J\ and Lemma \2.1B. respectively. Then 
there exists Eq > such that for 

there is an unique solution ip — v + w to ([T]) with 

\\w\\x 3 p ^ £ o- 

Moreover, the solution map is Lipschitz continuous. 

The main ingredient of the proof of Theorem 11.21 is a multi-linear 
estimate that gives bounds on the Duhamel term of the nonlinearity. A 
crucial tool to get these estimates are the recently introduced U p and V p 
spaces. The rest of the proof is a standard fixed point argument to get 
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existence and uniqueness. However, due to the non-integer exponents, 
this argument gets a bit more delicate. 

Remark 1. The analogue local and global well-posedness in the inho- 
mogeneous Sobolev space H Sp follows along these lines. Note that the 
function spaces and the summation has to be modified. 

Remark 2. It is possible to choose different Holder exponents in the 
proof of the multi-linear estimates (Lemma 14.11 and Lemma 14.21) and 
hence to require an other smallness condition replacing the smallness 
condition (pE|) of the linear solution. 

Throughout this paper, we will use mixed Lebesgue spaces L^L^ 
which are defined via the norm 



and with obvious modifications for p = oo. If p = q, then we write L v tx 
for brevity. Moreover, we want to mention that we write A < B, if 
there is a harmless constant c > such that A < cB. 

This paper is organized as follows: In Section [2] we give a brief in- 
troduction to the function spaces used in this paper. Section [3] pro- 
vides some basic linear and bilinear estimates. Multi-linear estimates 
to control the Duhamel term of the nonlinearity are proved in Sec- 
tion HI Theorem 11.21 and the global well-posedness result is proved in 
Section [51 

Acknowledgments This paper is an extension of the diploma the- 
sis of the author. The author wishes to thank the thesis advisor Herbert 
Koch and Sebastian Herr for helpful comments while working on this 
result. 



Crucial tools to prove this well-posedness results are the function spaces 
U p , which have been introduced in the context of dispersive PDEs by 
Tataru and Koch-Tataru [HI HO] as well as the closely related spaces of 
bounded p- Variation V p due to Wiener [T3]. The following exposition 
of the U p and V p spaces may be found in [5]. We refer the reader to 
this paper for detailed definitions and proofs. 

We consider functions taking values in L 2 = L 2 (IR d ,IR), but in the 
general part of this section one may replace L 2 by an arbitrary Hilbert 
space. Let Z be the set of finite partitions — oo < to < t% < . . . < < 
oo. 




2. Function spaces 
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Definition 2.1. Let 1 < p < oo. For {t fe }f =0 G Z and {fo}^ 1 c L<2 

w ^h Sa^To 1 II ^ II I 2 = 1 anc ^ = 0, we call the function a : R — >■ L 2 
given by 

if 

° = J^X[t fc -i,tfc)0fc-i 
fc=i 

a [7 p -atom. Furthermore, we define the atomic space 

{OO OO 
u = Xjdj : dj £/ p -atom, Aj G C, s.t. ^ | Aj- j < oo 
3=1 3=1 

endowed with the norm 




\u\\up '■= inf < | Aj| : u — Xjdj G C, s. t. |Aj| < 

J"=l 3=1 



OO 



Two useful statements about U p are collected in the following 

Proposition 2.2. Lei 1 < p < q < oo. 

(i) || • \\tjp is a norm. The space U p is complete and hence a Banach 
space. 

(ii) The embeddings U p C U q C L°°(R, L 2 ) are continuous. 

Definition 2.3. Let 1 < p < oo. 

(i) We define V p as the normed space of all functions v : R — > L 2 
such that lim^-i-oo v(t) exists and for which the norm 



K 

\v\\ V p : = sup [ ^2 ~ w (^-i)IIl2 



is finite. We use the convention that v(— oo) = lim t _ ! ._ 00 
and r(oo) = 0. 

(ii) We denote the closed subspace of all right-continuous functions 
v : R ->■ I? such that lim t ^_ oc v(t) = by F p c . 

Remark 3. Note that we set r(oo) = 0, which may differ from the limit 
of v at oo. 

Proposition 2.4. Let 1 < p < q < oo. 

(i) TTie embedding U p C is continuous. 

(ii) TTie embeddings V p C V 9 are continuous. 

(iii) T/ie embedding V p c C t/ 9 continuous, and 

\\v\\u* < CpJMIvp- 
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Proposition 2.5. For u G U p and v G V p ' , where I = ^ + , and a 
partition i := {tk}f =0 G Z we define 

K 

B t (u,v) := ^2(u(t k -i),v(t k ) -u(t fc _i)), 
fc=i 

where (•,•) denotes the inner product of L 2 . Notice that v(tx) = 
since tx = /or a// partitions {tk}%L G 2. There is a unique number 
B(u, v) with the property that for all e > there exists t G Z such that 
for every t' C t it holds 

\B t /(u, v) — B(u, v)\ < e, 
and the associated bilinear form 

B : U p x V p ' : (u,v) ^ B(u,v) 
satisfies the estimate 

\B(u,v)\ < \\u\\up\\v\\ vp > . 
Proposition 2.6. Let 1 < p < oo. VFe /iawe 

= yp' 

in the sense that 

T : V p ' ^ (U p )* , T(v):=B(-,v) 
is an isometric isomorphism. 

Corollary 2.7. For 1 < p < oo, u e U p and for v G V p the following 
estimates hold true 

\\u\\up = sup \B(u, v)\ 

vevp' 
\M VP '=i 

and 

\\v\\vp = sup \B(u, v)\. 

u Up -atom 

Proposition 2.8. Let 1 < p < oo. If the distributional derivative of u 
is in L 1 and v G V p . Then, 

/oo 
(u'(t),v{t))dt. 
-oo 

Following Bourgain's strategy for the Fourier restriction spaces we 
adapt the U p and V p space to the gKdV equation. 
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Definition 2.9. Define the Airy group S : C(R, L 2 ) -> C(R, L 2 ) as 

where denotes the Fourier transform with respect to x. For u E 
C(R,L 2 ) we set v(t) := S(-t)u{t) and define 



with norms 



U£ dV :=SU" and V&y := SV? e , 



\ u \\u v = \\v\\up an d IMIv p = l|f Hyp- 

I " u KdV 11 l|u 1111 v KdV 11 " 



Again, we define a bilinear map I?Kdv such that for u E U^ dY , v E V£ dy , 
we have for a function u with (dt + d^)u E L X L 2 

B K dv(u, v) = - J{{dt + d 3 x )u, v)dt. 

By this bilinear map, we obtain similar duality statements as in Corol- 
laryO 

For minor technical purposes we use a slight unusual Littlewood- 
Paley decomposition, using powers of 1.01 instead of 2 (cf. [SJ [T2"]): 
We fix a nonnegative, even function <fi E Cq°((— 2,2)) with <p(s) = 1 
for \s\ < 1. We use this function to define a partition of unity: for 
A E 1.01 z , we set 

We define the Littlewood-Paley operators P\ : L 2 (R) — > L 2 (R) as the 
Fourier multiplier with symbol For brevity we write u\ := P\u. 
Furthermore, we define 



/iGl.Ol 2 



Definition 2.10. For s E R, we define the homogeneous Besov spaces 
B S J^ as the set of all tempered distributions on R n for which the norm 

\\v\\b.,2 = sup A s ||w A || L 2 
Aei.oi 2 

is finite. 

We pic up the homogeneous space X s that was defined in [8]. 

Definition 2.11. For s E R, we define the real- valued homogeneous 
space X s using the norm 

\\v\\xs = sup A^II-uaHf 2 • 
Aei.oi 2 
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Furthermore, we denote by Xf the functions on the time space set 
(0,T)xR. 

The following estimate follows directly from the definition of the 
spaces £/£ dV and V£ dV . 

Lemma 2.12. Let v be a solution to the Airy equation 

d t v + d xxx v = f, 
v(0,x) = v (x), 

then, for s G M, there exists k± > such that the following estimate 
holds true 



v \\x° < K l II ^0 1| R s ' 2 + SU P A s 



T 



Aei.oi 2 



S(t-s)f x (s)ds 



u 2 



3. Linear and bilinear estimates 

The following Lemma is based on [B] and may be found in [SJ formula 
(3.2) and (7.7)]. 

Lemma 3.1 (Strichartz' estimates). Let u G U^ dV , q > 4 and (q,r) be 
a Strichartz pair of the Airy equation, i.e. - + £ = | . Then, 

IMU«lj < ||lA>r ? «|lr/« • (5) 

t X II II U Kdv 

In particular, for A G 1.01 z we have 

_i _i 

«li r,«rr < A ' W\ r/9 5; A «||maIIv 2 • 

II AM^ljj. rvj II A H<-' Kd v ~ II IIV KdV 

Hence for s G K it /joWs t/iat 

sup A« +s ||ii A || L?L r < «o||u||_y.. 
Aei.oi z T 

Lemma 3.2 (0 page 179]). Lei it G A G 1.01 z ; then we have for 
all p > 5 

II m <a||l- < ^~ Sp Mx*. 

Proof. This estimate follows directly from Bernstein's inequality and 
the energy estimate. □ 

The next Corollary immediately follows from interpolating the L\ x - 
Strichartz estimate and the Lf° x estimate. 

Corollary 3.3. Let u G V£ay, A G 1.01 z and q > 6, then we have 

\M\l* < A*~«II«a||k» > 



t,x ~ ii ii " Kdv ' 
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and if p> 5, then we even have for all q > 2{p — 1) 

ll u <A|U t % < ^"'"'"II^aII^- 

The following bilinear estimate is based on a bilinear estimate of 
Griinrock [4] and can be found in [HI formula (7.8)]. 

Lemma 3.4 (Bilinear estimate). Let u, v G C^ildv an< ^ ^ \^ l-01 z 
suc/i t/iai A > T/ien 

H^u^aII/- 2 ^ A - llvJIrj 2 II^aII/t 2 • 
Corollary 3.5. Let 2 < q < oo and A > 1.1//. T/ien for 



// m addition p > 5, i/ien /or a// g > we ma ?/ ei>en estimate 

W v <^\\lI x <^~^ Sp ^~ Sp \\v\\ x s t p\\u\\ x s tP . (6) 

Proof. The first inequality follows by interpolating the bilinear estimate 
(Lemma I3.4j) and the L^° x estimate (Lemma I3.2p as well as Proposi- 
tion 12.41 As a consequence the second inequality simply follows from a 
Littlewood-Paley decomposition of v<^. Note that in ^ q is choosen 
such that the exponent of /i is larger than zero. □ 



4. Multi-linear estimates 



Lemma 4.1. Let 5 < p G R and A 2 < . . . < A 5 G 1.01% /i G 1.01 z and 
I.IA5 > fi. There exists r > independent of T such that for given 
Vi, u G , i = 0, . . . , 5, we have for some small e > S > 

J K<A 2 | P ~V,<A 2 ^2,A 2 • • ■ V 5) X 5 Uf,dxdt 

5 

^ \8\—£~Sp —1—S+eu MP— 5 I I 11 n n n 

<rA 2 A 5 > llwoll^lllKlliyKll^v- 

Moreover, we may even replace one factor \\vi\\^ P , i = 3,4, on the 
right hand side by 

sup X^ +Sp \\v itX \\ L 6 i[0:T]M) . 
Aei.oi 2 

Proof. In order to prove this multi-linear estimate, we distinguish two 
cases. First, we consider the case when all frequencies A, are compara- 
ble, i.e. A5 < I.IA2. In the second case, we consider the situation if the 
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frequency A5 is much greater than A2, i.e. I.IA2 < A5. In this situation, 
we can make use of the strong bilinear estimate. 

1st case: 1.1X 2 > A5 
We start by assuming that p > 5 and consider the integral 

J K<A 2 | P " V,<A 2 ^2,A 2 • • • V bM U^dxdt 



Let q = 2(p — 4), then using Holder's inequality we can estimate the 
integral by 



\p— 5 



V 0,<\ 2 \\ L °° L % \\ V 1,<\2 \\L?L% II v 2,\ 2 \\ L \/*L1* H U 3>*3 II L?, J v 4M\\lI J V 5,A 5 II L 9/2 L 18 || « M II L? /2 L«- 



By Sobolev embeddings, the energy estimate and the definition of X^, 
we obtain 

l-L-s 

II v i,<\2 II LfLi ^ K " P \\vi\\x s T ^ i = 0, 1. 
Strichartz' estimates allows to determine 

--Sp 
--S 

RaJU* < K 6 P \\vi\\xs P , i = 3,4, 



as well as 



^ 9 IMIv£ 



Since A2 and A5 are comparable, the product of the terms of A« can be 



estimated by a constant times A| A 5 p for instance. 

If p = 5, then we split the integral into two terms, namely 



h + h 



^i,«A 2 f2,A 2 • • • v^u^dxdt 



vi,~\ 2 V2,\ 2 ■ ■■v 5M u l ,dxdt 



where ui )<Aa := £ Ai . i.iaka 2 u Mi and v i,~a 2 := ^i,<a 2 - t>i,«A 2 - Using 
Holder's inequality we may estimate I\ and obtain 



Vi ,« A 2 V 2, A 2 1 1 L s/2 1 1 V 3t A 3 1 1 L\\ 1 1 l>4, A 4 1 1 L« J I V 5, A 5 1 1 L« J I *V I U? , 
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Applying the bilinear estimate, Corollary 13.31 and Strichartz' estimates 
yields 

_3 

lkl,<A 2 f 2 ,A 2 || L 5/2 < A 2 5 ||ui||x0 ll^llxo, 

t,X J- I 

J_ 

IKa 3 |U™ £ A 3 10 |Hlxo> 

_ 1 

II^AilUf,, ~ X i *NL*°» 1 = 4 ' 5 > 
1 



I'uWr 6 P> 6 \ II v : 



7 2 simply can be estimated by 

using Holder's inequality, which can be further estimated by Strichartz' 

estimates. Since 1.1 A 2 > A 5 , the product of the Aj frequencies can be 

i 

estimated by, e.g., A 2 A^" 1 . 

2nd case: 1.1 X 2 < A5 
The main idea in this situation is to use the strong bilinear estimate, 
which allows to bound 

1_1 1_3 

\\V2,\ 2 V5,\ 5 \\LI X < A 2 2 9 A| q \\v2\\r T p\\v 5 \\^ T P 

provided 2 < q < 00. We define the Holder exponents qi = 2(p + 5) 
and q2 = 2 + Using Holder's inequality, we may bound 

J |%<A 2 | P " 5 Vl,<A 2 V2,A 2 • • • V 5M U^dxdt 

by 

ll%<A 2 |lL2ll V l,<A 2 |lL^ll v 3,A 3 ||L«Jk4,A 4 ||L6 J%IU« JKa 2 ^5,A 6 L^. 

From Lemma [3.21 and the definition of Xjf, we obtain 
IUi IIP" 5 < x (p_5)( ^~ Sp) iu, n p ~ 5 

\\ V 0,<\2 \\l?° ~ A 2 \\ v 0\\ y°p- 

t,X A Ji 

Corollary 13.31 allows to estimate 

11 11 <r \ 2 n p n n 

IK<a 2 |Il«^A 2 |Mlx*F- 

By Strichartz' estimates, we obtain 
for z = 3, 4, as well as 



\ u n\\L« m £ ^ 6 ll^l|y^ d 



1 
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Furthermore, since g 2 > 2 the bilinear estimate gives 

I 1 , I__3 

|| || S \ 2 92 P \ 2 92 P ll II II II 

\\V2,\ 2 V5,\ 5 \\ L ™ < A 2 A 5 INI^INIi^. 

1 3 1| 3 

The product of the Aj can be estimated by A 2 2(p+5) A 5 2(p+5) . Note 
that the exponent of A 2 is bigger than zero for all p > 5. □ 

If we assume that the frequency \i is much greater than all other 
frequencies, then we can even prove the following Lemma. 

Lemma 4.2. Let 5 < p G R and A 2 < . . . < A 5 G 1.01 z , /i G 1.01 z and 
I.IA5 < jji,. There exists r > independent of T such that for given 
Vi, u G X^ , i — 0, ... ,5, we have 

\VQ,<X 2 \ P ~ 5 Vi,<X 2 V 2 ,<\ 2 V 3i X 3 V4 : ,X i Vs,X 5 U fl dxdt 

i 5 

< rX^X^~ Sp n-^\\v \\ p r^ p Y[ Ikll^Kllv^- 

1=1 

Moreover, we may even replace one factor \\vi\\^ P , i = 3,4, on the 
right hand side by 

SUp A^ +Sp ||^ iA || L 6 ( [ 0i T],R)- 

Aei.oi 2 

Proof. The proof is quite similar to the proof of Lemma 14.11 We con- 
sider 

l v 0,<A 2 | P "V,<A 2 ^2,<A2^3,A3^4,A4^5,A 5 M A1 rfx^ 

and define the Holder exponent q = 5(p — 3). Using Holder's inequality 
we estimate 

IK<A 2 115^ IK<a 2 Hi* J| v 2 ,<\ 2 || L « J\V4,X 4 J\ v 5,x 5 II £6 ^ 11^3^11^/7. 
By Corollary 13.31 and the definition of X^, we obtain 

IK<A 2 IUf i!C < A 2 2 9 HNIx'p, 1 = 0,1,2. 
Applying Strichartz' estimates yields 

-i-S 

FailUf,, ~ \ 6 i = 4,5. 

Finally, the bilinear estimate provides 

J s _J_ 

Iks^^ll^is/r < A|° n w \\v4r T AW\Wi dV - 

The frequencies can estimated by A 2 15 A 5 6 p fi~w. 
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Note that we may change the role of vs t \ 3 and v^\ 4 in the calculation 
above and hence can also estimate v 3i a 3 in L\ x . □ 

5. Proof of the theorem 

In this section we are going to prove Theorem ll.2[ The solution ip = 
v + w of (JTJ is constructed by studying the following equation 



d t w + d xxx w + d x (\v + w\ p 1 (v + w)) = 0, 

io(0, x) = 0, 

where v is a solution to the Airy equation (J2j). 

Lemma 5.1. Let W G Xjf and furthermore let r and K\ be the con- 
stants from Lemma \4-l\ and Lemma \KJM respectively. Under the as- 



sumptions of Theorem \l.^ we consider 

d t w + d xxx w + d x (\v + W\P-\v + W)) = 



w(0,x) = 0. ^ 

If w solves (j7|) and \\W\\^ P < a, then there exists some c > such 
that for 

a < min { n x r , J— T 1 and 5 < a, 



it holds 



\w\\ v s p < «■ 



Proof. For t6R and A G 1.01 z we set F^(u) = u<a + tma- Using that 
we define for r = (n, . . . , r„) G K n and A = (Ai, . . . , A n ) G (l.01 z ) n 

One easily proves, that for t = (tl, . . . , r n ) G [0, l] n , A = (Ai, . . . , A n ) G 
(1.01 z )" and fi G 1.01 z we have 



|(FM)J<2>,| and ||FJ( M )||^ < 2 n \\u\\^ se 
Furthermore, one trivially verifies 

Set f p (x) = then by the telescoping series we have 

U( u ) = Yl (fp( u <^ ~ /p( m <a))- 
Aei.oi 2 
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By a standard trick, using the fundamental theorem of calculus we get 

f P ( u ) = E / fp( u < x+T ( u < x ~ u <^) dr ( u < x ~ u < x "> 

Aei.oi 2 ^° 

I f p (Fl(u))dru x 

^7, JO 



Aei.oi- 



In the sequel we use a more compact notation and write 

ul := F». 

Reapplying this method three times, we get for Aj = (Aj, . . . , A 5 ) and 
Ti = (r i; . . . ,r 5 ), % = 2, . . . ,5, 

A 2 <...<A 5 "W 
AiGl.Ol 2 

That is in our context 



\u\ p l u = c 



/ | u a 2 | u a' u A3,a 2 u a:,a 3 u a;a 4 m a 5 c?t 2 , 



A;el.01 z 



where c = p{p — l)(p — 2)(p — 3)(jo — 4). 

Let w be a solution to (J7J). By Lemma [2.121 it suffices to show 



sup /i v 
/jei.oi 2 



(fi^flv + W\ p ~\v + W))) (s)<fc 



a 



< 



By duality (cf. Corollary 12 .7p . it suffices to show that for each /i 6 1.01/ 
we have 



< 



a 



If we apply the calculation above once, we can rewrite the modulus of 
the integral as 



Si + S 2 :-- 



E / MKl + W lt\ P \ V + W) X5 ) Ufi dxdtdT 5 



+ E /ft.(|v2+wn;r 1 (« + woA 8 K 



As: 1.1A 5 </j 



dxdtdrr- 
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First, we consider the sum Si. We integrate by parts, apply the calcu- 
I s + WT 5 1 

A5 A 5 I 



lation above to vT 5 + WT 5 and hence have to bound 



\^\\v^ 

A 5 : l.l\ B >fi 



^ llv KdV A 2 <...<A 5 



x (vl 3 3 + W-) A2 ■ ■ • (v£ + WH) X4 (v + W) X5 fu,dxdtdr 2 

Note that since the spaces V^ dV are based on L 2 , the operator — is 
bounded. We expand the factor (v^ + W^)^. For v^Jj ^ we ap- 
ply Lemma 14.11 and keep this factor in L\ x . For A4 we apply 

Lemma [4.11 and estimate all terms in Xjf. Hence, after summing over 
the frequencies, we obtain that Si is less than 

/ /l|v^+w-||^||v-+w-n K 4vi:+w^\\ r \\ v +w\\ KP 

J[0,1] 4 T T T 

x ( a ^P iZ AI+Sp |I v ILa|Il 6 ([o,t],r)+ W W ltWx^) dr 2 . 
By the properties of F^(-), we may estimate this by 

cr\\v + W\\ p ~l( sup A^ +Sp |M| L 6 ([0inR) + \\W\\ r v 

VAgI.OI 2 T 



Using the bounds given in Theorem 11.21 and a < kiTq we may estimate 
this by 

cr(r Q rei) p ~ 1 (£ + a) 
for some c > 0. Since 5r> < a and a < - — 5-5=1 we obtain 

crir^f^^ + a) < — , 

which implies the desired estimate ||u>||x^ < a for Si. 

Now, we consider S2. Note that S2 = if p = 5, since the frequencies 
do not sum up to zero. Hence we may assume p > 5 in the following. 
In order to estimate S2, we decompose 

= E / l v i;!+ w ial" 3 K:+ w i:)A3K:+ w 2)A 4 (^+^)A 5 ^3. 

A 3 <A 4 <A 5 J 
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Differentiating this term with respect to x yields 



+ As|v£ + W-|- 3 |( v - + W-) Aa (v- + WlDjv + W) 



+ ^Kl + W2|^(v2 + Wi:) A3 4(v^ + W^) A4 (^ + W) 



As 



As 



+ a 5 |v- + w2H(v2 + w-) Aa (v- + wiD^iv + W) X5 . 

We estimate all these terms exactly as for Si, but using Lemma 14.21 
instead of Lemma H~T1 Note that the additional factor A, on each term 
ensures that the summation over the frequencies converges. Note also 
that the operator ^ does not play a role, since the V^ dV spaces are 
based on L? . By the same argument as before, we can bound S2 by ^- 
as before. □ 

Proof of Theorem \1.2i In order to prove Theorem II. 2\ we use a fixed 
point argument to show existence and uniqueness. Let 

a < min <j K x r , j— T 1 , 5 < a and ||w ||±!? < a - 



2crn x r\ 



Furthermore, let 



d t w 1 + d xxx wi + d x (\v + w \ p 1 (v + w )) = 0, 

u>i(0, x) = 0, 



and 



d t w 2 + d xxx w 2 + d x (\v + wxl'P l (v + Wi)) = 0, 

tu 2 (0, x) = 0, 

be two iteration steps. Note that Lemma I5TT1 ensures that ||ioi||x s p < ol 
as well. We have to show that there exists q G (0, 1) such that 

\\1V2 — ^i||x s p < g || Wi — Wollx 8 ?- 

By Lemma 12.121 and duality, it suffices to replace the left hand side by 

d x (\v + wq\ p ~ 1 (v + wo) — \v + wi\ p ~ 1 (v + wi))u^dxdt 



\ U Ll\\v 2 



For brevity we define uo = v + Wo and U\ — v + w\. Similar as in the 
proof of Lemma 15.11 we may write 

1 ip— 1 1 ip-i /l T5IP-1 1 -7-5IP-1 j 

\u \ p u -\ui\ p wi = / \u} x 5 5 1 u 0t x 5 - \uj 1x I\ u lM dr b . 

\ ,- ^ n-i'W. 



A561.01 
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Again, we split the sum into two parts, such that 



17 



Si + S 2 = ^2 J d *(\ uf o%\ P luj o,x 5 - \viH\ P 1 ui,\ s )undxdtdT 5 

A 5 : l.lX 5 >fi 



A 5 : 1.1A 5 </1 



First, we consider Si. Similar to the previous Lemma, we integrate by 
parts such that the derivative turns into a factor and we decompose 



[0,1] 



to 



E 

A 2 <...<A 5 



[0,1] 4 



I^OAa | a; OA 2 ^0 A3 ,A 2 a; OA 4 ,A3 a; OA5,A4 a; 0,A5 



L A 2 , | ^!A 2 a; lA3,A 2 a; lA4,A3 a; 'lA 5 ,A4 a; l,A5« T 2- 



The integrand may be written as 



I^OAaT 5 ^Oxl<^Oxl ! X 2 <^0^ ; x 3 U} Oxl ! X 4 (^0,X B ~ ^1,A S ) 

+ I^O^T ^O^ol^^o!^ (^0^4 - WiX 5iA4 )wi,A s 



+ . . . 



=: 5i + . . . + 5 5 

Using the fundamental theorem of calculus, we can further manipulate 
the last term S 5 to get 

*5 = c /Vol. + ^("ia 2 " «o2) r 5 dr(«o2 - u,i-) 

We split Si into two terms by expanding ^olg a 4 : 
Si = |wo^| P ^o^Wo^ iA2 WoX 4 4 , A3 v^ iA4 (wo,a 5 - wi,a 5 ) 

+ |wo^r~W 2 W OA3,A 2 W oI 4 , A 3WoA5,A 4 K,A s - ^1,A S )- 



18 



N. STRUNK 



For the first term we estimate Xi in L^ x , and for the second term 
we estimate all factors in X^f. Hence, by Lemma [4.11 



\ u n\\v3 



E 



KdV A2<-..<A 5 

A5: l.lA 5 </i 



Si—u^dxdtdT 2 



< 



Analogously, we expand either oj T \ a a 3 or k'lls A 4 ^ n ^2, • • • , S5. For 
each Si, i = 2, . . . , 5, either the expanded term depends on v, then we 
choose to estimate this factor in L\ x , or we estimate all factors in X^. 



Thus, by Lemma 14.11 we estimate for i — 2, . . . , 5 

,1 + Sp 



E 



^ Uv KdV A 2 <...<A 5 



A 5 : 1.1A 5 <M 

All in all, we obtain 



Si^u^dxdtdr2 



< 



Si < crK 1 (r K, 1 )' p 2 (S + a)\\w - wiW^p. 



IMv* 



Now, we may choose a (and hence So) small enough such that 

crKi(r Ki) p " 2 (5 + «)<-, 

which gives the desired estimate for Si. 
Now, we consider 

A 5 : l.lA 5 </i 

Note that if p = 5 then S2 = by the same argument as in Lemma I5TT1 
Hence, we may assume p > 5. We decompose 



^0 A J W0,A 5 - WlA, Wi,A 5 rfT 



p-1 



[0,1] 



E 

A 3 <A4<As 

E 

A 3 <A4<As 
+ . . . 



T3 IP ^ 7"4 T5 I T3 |£* J T4 T5 7 

W 0a 3 | a, OA 4 ,A 3 a; OA 5 ,A4 a; 0^5 _ | W lA 3 | a; lA 4 ,A 3 a; 'lA 5 ,A4 Ci; l,A5« T 



P-3 



| P ^oI^Au^oI^Ai^O.As - W 1,A 5 " 



t 3 IP— 3 

3 I 



T 3 IP 3\ -7-4 -7-c- 1 

^1A 3 | J^lA 4 ,A 3 a; lALA4 a; l,A5^3 



^ f S 1 + ... + S 4 dT 3 



A 3 <A 4 <A 
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If we differentiate S\ with respect to x, then we are able to apply 
Lemma [4.21 and since we obtain an additional factor Aj, we get 



Ki- 



1 ^ lll KdV A 3 <A 4 <A 4 
A 5 : l.lA 5 <^t 



SiUndxdtdr^ 



^ C A\"o2\\^hol\\\r T A SU P y Al+SP H V l5,A|lLao,T],R)+ Ikolsll^) 
T T \Ael.01 z T J 



X 1 1 CtJo — w l \\X Sp 



< cr/ti(r Ki) p 2 (<5 + a)\\w - will*'?. 

We can treat S 2 and S3 analogously. Now, we consider S4. Applying 
the fundamental theorem of calculus, we obtain for f2(r) = ^o\ 3 + 

Jo 

Differentiating this term with respect to x yields a sum of 5 terms, 
each of which can be estimated using Lemma 14.21 as above. All in all 
we obtain 



— S 2 < cr/ti(r Ki) p_ 

By possibly chooser a smaller again, we have 



K\- — - S 2 < crK,i(r Ki) p 2 (5 + a)||wo — 

« u 1/2 T 

II ^ 1 1 Vjw 



crK 1 (r Ki) p 2 (5 + a) < -. 

Thus, for small enough a, we have a contraction and Banach fixed- 
point theorem gives existence and uniqueness. □ 

The following proof of Corollary 11.31 is an observation of Koch and 
Marzuola in |3 p. 175-176]. 

Proof of Corollary \1.3[ By Strichartz' estimates for linear KdV and 
Lemma 12.121 we have for v given as in ([2]) and < T < 00 that 

sup \^ +Sp \\v x \\ls([o,t],l6(r)) < /«o|Mlx Sp - k oKi\\iPo\\b s p* ^ 5 o(l)- 
Aei.oi 2 T 00 

Since this estimate holds true for all < T < 00, we may apply 
Theorem 11.21 with T = 00 to obtain global existence. □ 
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